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A fundamental connection between thermodynamics and information theory arises from the fact
that correlations exhibit an inherent work value. For noninteracting systems this translates to a work
cost for establishing correlations. Here we investigate the relationship between work and correlations
in the presence of interactions that cannot be controlled or removed. For such naturally coupled
systems, which are correlated even in thermal equilibrium, we determine general strategies that
can reduce the work cost of correlations, and illustrate these for a selection of exemplary physical
systems.
I. INTRODUCTION
Quantum information (QI) and quantum thermody-
namics (QT) can both be framed as resource theories [1].
Based on the fundamental laws of quantum physics, these
theories describe the (minimal) resources needed to per-
form certain tasks of interest. In order to identify the
relevant resources, one first determines which states and
operations are freely available, taking into account practi-
cal limitations on physical operations. Within QT, ther-
mal systems and energy preserving operations are consid-
ered to be “for free”, whereas systems out of equilibrium
and operations that require external energy constitute
resources [2, 3]. In QI, on the other hand, the paradig-
matic task is efficient communication. In this context
one assumes local operations and classical communica-
tion (LOCC) to be for free, whereas entangled quantum
systems are resources that enable tasks beyond the re-
strictions of LOCC [4, 5].
Both of these resource theories can be considered to be
simplifications of a more general physical framework: In
either case only the restrictions of one area are taken into
account. However, especially in quantum systems limi-
tations from both thermodynamics and information the-
ory present themselves simultaneously, which has greatly
stimulated investigations of the connection between QI
and QT (see Refs. [6–8] for recent reviews). For instance,
locality restrictions on the allowed operations can limit
the efficiency of thermodynamic processes [9–14], while
correlations can enhance the performance of thermody-
namic tasks [10, 15–21], and may even change the natural
direction of the heat flow [22, 23]. Conversely, a nonzero
ambient temperature induces a nonzero entropy, which
limits the capacity for establishing (quantum) correla-
tions [24, 25]. To overcome the constraints of LOCC, QI
tasks hence require a supply of thermodynamic resources
in the form of free energy.
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Here, we aim to study the exchange between energy
and correlations in the particularly transparent setting
considered in Refs. [24, 25]: Given a collection of uncor-
related thermal states at the same temperature T , one
is interested in determining the minimal energy W that
is needed to create (quantum) correlations. For a bipar-
tite system with access to an auxiliary thermal bath at
temperature T , one finds the relation [15, 25–27]
W ≥ T∆IS1S2 , (1)
where ∆IS1S2 is the gain of correlations between the sub-
systems S1 and S2 as measured by the mutual infor-
mation, and we note that we work in units such that
~ = kB = 1 throughout this paper. The expression in
Eq. (1) represents a fundamental bound on the exchange
between energy and correlations, if the subsystems S1
and S2 are not interacting, that is, if the systems Hamil-
tonian is of the form HS = HS1 + HS2 . In this work we
relax this assumption, and explore how the relation in
Eq. (1) is modified for interacting systems.
An important difference to previous results lies in the
fact that thermal states of interacting Hamiltonians are
generally already correlated, and may potentially even
be entangled [28]. This naturally raises the question of
whether the presence of interactions provides advantages
for the generation of (additional) correlations. We an-
swer this question affirmatively, by constructing explicit
strategies to achieve W < T∆IS1S2 for some energy range
in any finite-dimensional system with arbitrary interact-
ing Hamiltonian. While these procedures can improve on
the best protocols for non-interacting systems, they are
not necessarily optimal in the sense that other protocols
may exist that generate more correlations at the same en-
ergy cost. To complement this approach we therefore de-
velop optimal strategies for two physically relevant cases:
two interacting, fermionic or bosonic modes.
This paper is structured as follows. We first provide
a short summary of the framework for this investiga-
tion in Sec. II. We then approach the problem of gen-
erating correlations in interacting systems in Sec. III,
where we develop general strategies to use the energy
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2contained in the interactions to improve upon the bound
in Eq. (1), and explicitly demonstrate their applicabil-
ity in a system of two qubits. In Sec. IV, we then turn
to another finite-dimensional example, two interacting,
fermionic modes. This system, restricted by superselec-
tion rules, is amenable to a numerical approach that we
use to determine the optimal conversion of energy into
correlations. Finally, in Sec. V, we study the generation
of correlations in the infinite-dimensional system of two
interacting, bosonic modes.
II. FRAMEWORK
We consider a bipartite system S, made up of sub-
systems S1 and S2, initially at thermal equilibrium at
ambient temperature T = 1/β, described by a thermal
state
τ(β) = Z−1(β) e−βHS , (2)
where Z(β) = Tr(e−βHS ) is the partition function, and
HS is the system Hamiltonian. We further assume the
presence of an auxiliary heat bath B, that is, an arbi-
trarily large system in thermal equilibrium with S. The
total Hamiltonian is H = HS +HB , and the initial state
can be written as τSB(β) = τ(β) ⊗ τB(β). In order to
transform this equilibrium state, we consider arbitrary
unitary operations USB on SB. Since the joint systems
SB is closed, these unitaries correspond to the most gen-
eral operations permissable in this situation. The average
work cost of transforming the state of S from τ(β) to a
final state ρ = TrB(USBτSB(β)U
†
SB) is given by,
W = Tr
(
H
[
USBτSB(β)U
†
SB − τSB(β)
])
, (3)
which corresponds to the total external energy input (see,
e.g., Refs. [29, 30]). In Ref. [27] (see also Refs. [31–33] for
the same result in related frameworks), it is shown that
W can be bounded by the (nonequilibrium) free energy
difference,
W (τ → ρ) ≥ ∆FS = F (ρ)− F (τ), (4)
where the free energy with respect to the reservoir at
temperature T is
F (ρ) = E(ρ) − T S(ρ) . (5)
Here, E(ρ) = Tr
(
HSρ
)
is the average energy, and S(ρ) =
−Tr(ρ ln(ρ)) is the von Neumann entropy. Note that
F (ρ) depends only on the state of S and the tempera-
ture of B. Equality in (4) can be obtained in a quasistatic
process [31–33], in which case the work cost becomes min-
imal.
We now wish to invest some work W to increase the
correlations within the bipartite state of S as much as
possible. (Note that B is only an auxiliary system and
we do not wish to create correlations between S and B.)
In Refs. [24, 25] this problem was considered for nonin-
teracting Hamiltonians, HS = HS1 +HS2 . Here, we want
to depart from this paradigm and consider an interacting
Hamiltonian of the form
HS = HS1 + HS2 + HI . (6)
As discussed above, the work cost of transforming τ(β) to
a final state ρ satisfies, W (τ → ρ) ≥ ∆FS = F (ρ)−F (τ),
and equality can be achieved in a quasi-static process and
with a sufficiently large bath [31–33]. The task is then
to maximize the correlations of ρ under the constraint
F (ρ) − F (τ) ≤ W , where W is the amount of available
work.
Before continuing, note that the main ingredients of
the investigations in Refs. [24, 25] are preserved:
(i) The initial state is in thermal equilibrium, and there-
fore, the energy cost of transforming τ(β) to any final
state ρ is nonnegative, W ≥ 0.
(ii) We assume arbitrary (in particular, unitary) oper-
ations can be performed on S and the auxiliary
thermal bath, which allows obtaining fundamental
bounds on the work cost of correlations.
We quantify the amount of correlations between the sub-
systems by the mutual information,
IS1S2(ρ) = S(ρS1) + S(ρS2) − S(ρ) , (7)
where ρS1(S2) = TrS2(S1)(ρ) are the reduced states of the
subsystems. The main quantity of interest throughout
this paper will be the correlations gain,
∆IS1S2 = IS1S2(ρ) − IS1S2(τ). (8)
That is, we take a point of view inspired by Landauer’s
principle, and ask how many units of correlations ∆IS1S2
can be newly generated (on top of the preexisting corre-
lations) at the expense of one unit of energy. Note that,
in the noninteracting case, ∆IS1S2 and IS1S2 coincide, as
the initial thermal state of the Hamiltonian HS1 + HS2
is an uncorrelated product state. In the interacting case,
∆IS1S2 and IS1S2 still arise from the same optimization
procedure, but IS1S2 ≥ ∆IS1S2 . Since ∆IS1S2 quantifies
the amount of correlations generated through the invest-
ment of W , we first focus on ∆IS1S2 , establishing strate-
gies to achieve W < T∆IS1S2 in Sec. III.
III. GENERAL CONSIDERATIONS
A. Work cost of generating correlations
Let us now relate the correlation gain ∆IS1S2 to the
minimal work cost ∆FS. Inserting the Hamiltonian from
3Eq. (6) into (4) one obtains
∆FS = Tr
(
HS1 [ρ− τ ] + HS2 [ρ− τ ]
)
+ Tr
(
HI [ρ− τ ]
)
+ T
[
S(τ) − S(ρ)] . (9)
On the other hand, for the difference in mutual infor-
mation from Eq. (8) one finds T ∆IS1S2 = T
[
S(τ) −
S(ρ)
]
+ T
[
S(ρS1)− S(τS1)
]
+ T
[
S(ρS2)− S(τS2)
]
. After
some straightforward manipulations we then arrive at
∆FS = T∆IS1S2 + Tr
(
HI [ρ− τ ]
)
+ ∆F˜S1 + ∆F˜S2 , (10)
where the quantities F˜S1(S2) correspond to nonequilib-
rium free energies with respect to the local Hamiltonians,
i.e.,
F˜Si(ρ) = Tr
(
HSiρ
) − TS(ρSi) (11)
with ρS1(S2) = TrS2(S1)ρ. Here, it is important to note
that the marginals τS1(S2) = TrS2(S1)τ of the initial ther-
mal state are not themselves thermal states with respect
to the local Hamiltonians, τS1(S2) 6= Z−1Si exp(−βHSi). It
can therefore be inferred that, while ∆FS ≥ 0 since the
initial state τ is at thermal equilibrium with the bath,
the quantities ∆F˜Si may have either sign. Only when HI
vanishes are the marginals of τ also thermal states with
minimal free energy and
∑
i ∆F˜Si is nonnegative. In this
case one obtains (see Ref. [25] for a detailed derivation)
the bound
T∆IS1S2(ρ) ≤ ∆FS ≤W, if HI = 0, (12)
which shows that, for noninteracting systems, at least
T∆IS1S2 units of work have to be invested to increase
the correlations of the systems by the amount ∆IS1S2 .
B. Strategies to utilize the interactions
In this section we determine strategies that can poten-
tially outperform the bound of Eq. (12) by making use
of the energy provided by the interactions. We formu-
late these strategies for arbitrary Hamiltonians of bipar-
tite systems, whose subsystems S1 and S2 can be arbi-
trary finite-dimensional quantum systems, qudits, with
Hilbert spaces HS1 and HS2 , and dimensions d1 and d2,
respectively. The density operators for such systems
can be written in a generalized Bloch-Fano decomposi-
tion [34, 35], that is
ρ =
1
d1d2
(
1S +
d21−1∑
m=1
am σ
S1
m ⊗ 1S2 +
d22−1∑
n=1
bn1S1⊗ σS2n
+
d21−1∑
m=1
d22−1∑
n=1
cmn σ
S1
m ⊗ σS2n
)
, (13)
where the Hermitean operators σ
Si
m satisfy Tr(σ
Si
mσ
Si
n ) =
2δmn and Tr(σ
Si
m ) = 0, and the real coefficients am, bn,
and tmn are subject to constraints arising from the pos-
itivity of ρ. The reduced states are then immediately
obtained as
ρS1 =
1
d1
(
1S1 +
d21−1∑
m=1
am σ
S1
m
)
, (14a)
ρS2 =
1
d2
(
1S2 +
d22−1∑
n=1
bn σ
S2
n
)
. (14b)
The Hermitean interaction Hamiltonian can similarly be
written as
HI =
d21−1∑
m=1
d22−1∑
n=1
mn σ
S1
m ⊗ σS2n , (15)
with real coefficients mn. Any terms of the form 1S1⊗σS2m
and σS1m ⊗ 1S2 that may appear in such a decomposition
of HI can be absorbed into the local Hamiltonians HSi .
Returning to the relation of Eq. (10), notice that the
interactions allow surpassing the bound in Eq. (12) when-
ever Tr
(
HI [ρ− τ ]
)
+
∑
i ∆F˜Si is negative. The expansion
of Eq. (13) further permits treating each of these terms
independently: The terms ∆F˜Si depend only on the local
Bloch vector components am and bn, for i = 1 and i = 2,
respectively, whereas the interaction term Tr
(
HI [ρ− τ ]
)
depends only on the correlation tensor cmn. With this we
can formulate two complementary strategies. However,
it is important to keep in mind that any choice of the
coefficients cmn, am and bn is subject to the positivity
constraint ρ ≥ 0.
First, we focus on the local terms ∆F˜Si . Defining
the local Gibbs states as γSi ≡ Z−1Si e−βHSi , which are
generically different from the local initial states τS1(S2) =
Tr
S2(S1)
τ , it is useful to rewrite ∆F˜Si as,
β∆F˜Si = β
(
F (ρSi) − F (γSi)
) − β(F (τSi) − F (γSi))
= S(ρSi ||γSi) − S(τSi ||γSi) , (16)
where S(ρ||τ) = −S(ρ)−Tr(ρ ln τ) is the relative entropy.
Here, we have used that β
[
F (ρ)−F (τ(β))] = S(ρ||τ(β)),
which can easily be shown using Eqs. (2) and (5). Since
S( . || . ) is a measure of distance between two quantum
states, the quantities ∆F˜Si are negative whenever the fi-
nal reduced states ρSi are closer to the local Gibbs states
γSi than the initial state marginals τSi . This provides
a simple strategy to minimize ∆F˜Si : The Bloch coeffi-
cients a
(ρ)
m and b
(ρ)
n of the final state ρ should to be chosen
as close as possible to a
(γ)
m and b
(γ)
m , respectively, where
a
(γ)
m =
d1
2 Tr(γS1σ
S1
m ) and b
(γ)
n =
d2
2 Tr(γS2σ
S2
n ). This strat-
egy ensures that ∆F˜Si < 0.
The second strategy entails the minimization of the
term Tr
(
HI [ρ − τ ]
)
. Using Eqs. (13) and (15), we can
express it in terms of the correlation tensors c
(ρ)
mn and
4c
(τ)
mn of ρ and τ , respectively, obtaining
Tr
(
HI [ρ− τ ]
)
=
d21−1∑
m=1
d22−1∑
n=1
(
c(ρ)mn − c(τ)mn
)
mn . (17)
This relation has a clear geometrical interpretation.
Mapping c
(ρ)
mn, c
(τ)
mn, and mn to vectors c
(ρ), c(τ), and 
in a Euclidean vector space of dimension (d21−1)(d22−1),
the condition of Eq. (17) becomes
Tr
(
HI [ρ− τ ]
)
= (c(ρ) − c(τ)) ·  . (18)
To minimize the expression in (18) it is hence desirable
to select the vector (c(ρ) − c(τ)) to be as antiparallel as
possible to .
The considerations discussed in this section hence pro-
vide two complementary strategies to obtain βW <
∆IS1S2 , as desired. In general, the choices of a(ρ)m , b(ρ)m ,
and c
(ρ)
mn are limited by the positivity constraint, ρ ≥ 0
(and of course also by the amount of available work, W ).
In the next section we illustrate possible issues with the
positivity of ρ in more detail for a particular example of
two interacting qubits.
C. Improved generation of correlations for two
qubits
We consider a system of two qubits, coupled by the
Hamiltonian
HS = ω
(
σS1z + σ
S2
z
)
+  σS1z ⊗ σS2z , (19)
where ω ≥ 0 and  ∈ R can take either sign. In this
simple example, the presence of the interaction Hamil-
tonian HI =  σ
S1
z ⊗ σS2z does not change the eigenstates
of HS, but the eigenvalues of the noninteracting system
are modified to (± 2ω) and − (twice degenerate). The
initial thermal state τ(β) = e−βHS/Z is hence of the form
τ(β) = Z−1 diag{e−β(+2ω), eβ, eβ, e−β(−2ω)} (20)
with Z = Tr(e−βHS) ≥ 0. The nonzero coefficients of
the Bloch decomposition of τ(β) are
a(τ)z = b
(τ)
z = − 2Z−1e−β sinh(2βω) < 0 , (21a)
c(τ)zz = 1 −
4eβ
Z . (21b)
To correlate the system, we apply a two-step protocol
based on the strategies discussed in Sec. III B. In the
first phase of the protocol, step I, we aim to minimize
the term Tr
(
HI [ρ − τ ]
)
. To do this, we transform the
state τ to ρI, such that the local Bloch vector components
remain invariant, a
(ρI)
z = b
(ρI)
z = a
(τ)
z , while the (nonzero)
correlation tensor coefficient is mapped to
c
(ρI)
zz = c
(τ)
zz − sgn()αI , (22)
for αI ≥ 0. With this, one finds Tr
(
HI [ρI − τ ]
)
= −||αI
and from Eq. (10) we obtain
WI = T ∆IS1S2 − ||αI , (23)
where we assumed that the process is quasistatic, so that
W = ∆FS. (Note that the same assumption is made also
later in step II.) The correlations are hence generated
at a work cost that is lower than in the noninteracting
case, WI ≤ T ∆IS1S2 . However, it is crucial to note that
the transformation in Eq. (22) is limited by the positivity
constraint, ρI ≥ 0, requiring 2|a(τ)z | − 1 ≤ c(ρI)zz ≤ 1. De-
pending on the sign of the interaction term, one of these
bounds is reached, when enough energy is supplied. That
is, c
(ρI)
zz eventually tends towards either c
(ρI)
zz = 2|a(τ)z |−1
or c
(ρI)
zz = 1 for  > 0 or  < 0, respectively.
If more energy is available than is needed to saturate
the positivity constrain in step I, we may employ the
complementary strategy discussed in Sec. III B in step II,
the second phase of the protocol. Now, we keep the corre-
lation tensor fixed, while changing the local Bloch vector
components to minimize ∆F˜Si . This entails moving the
marginals closer to the states γSi that are locally thermal
with respect to HSi . These local Gibbs states are here
given by
γSi =
e−βHSi
ZSi
= 12
(
12 − tanh(βω)σSiz
)
, (24)
with a
(γ)
z = − tanh(βω) < 0. We hence map ρI to the
state ρII with Bloch vector components given by
a
(ρII)
z = (1− αII) a(τ)z + αII a(γ)z , (25)
where 0 ≤ αII ≤ 1. Again, the positivity constraint ρII ≥
0 must still be taken into account. For  < 0 we find that
the full range of αII is compatible with the positivity of
ρII. The work cost of step II is given by WII = T∆IS1S2 +
∆F˜S1 +∆F˜S2 , and, as illustrated in Fig. 1, we indeed find
that ∆F˜Si ≤ 0 for all values of T ≥ 0, 0 ≤ αII ≤ 1, and
 < 0.
For  > 0, on the other hand, the positivity con-
straints require that |a(ρII)z | ≤ |a − z(τ)|. Since a(τ)z < 0
and a
(γ)
z = − tanh(βω) < 0, Eq. (25) yields |a(ρII)z | =
(1 − αII)|a(τ)z | + αII tanh(βω) ≥ |a(τ)z |. Unfortunately,
since |a(τ)z | = sinh(2βω)/
(
cosh(2βω)+e−β
) ≤ tanh(βω),
one finds that |a(ρII)z | ≥ |a − z(τ)|, that is, the positivity
constraint does not allow for step II of the protocol to be
carried out for  > 0.
In addition to the strategies discussed here, the states
obtained after steps I and II may be further correlated
until the maximal value of correlation is reached. How-
5FIG. 1. Advantage in correlation cost: During step II of
the protocol to generate correlations between two qubits, an
advantage over the noninteracting case arises when ∆F˜Si from
Eq. (11) becomes negative. ∆F˜Si is plotted here against the
temperature T in units of ω (recall that we use units where
~ = kB = 1) for αII = 0.5, and the different curves corre-
spond to values of  (also in units of ω) from  = 0 (top) to
 = −1 (bottom) in steps of 0.1. The advantage increases
with increasing coupling strength , but does not monotoni-
cally decrease with the temperature. Instead, the advantage
becomes maximal at a finite temperature. Although curves
are only shown for a fixed value αII = 0.5, we have checked
that other values yield analogous behaviour and the advan-
tage increases monotonically with αII.
ever, the work cost per newly generated unit of correla-
tion beyond this point may be the same, or even higher
than in the noninteracting case. We shall shed light on
this possibility in the next sections, by studying in detail
protocols to correlate bipartite systems of fermions and
bosons.
IV. TWO FERMIONIC MODES
In this section, we consider the two systems S1 and
S2, which are to be correlated, to be two fermionic modes
with ladder operators b
1
, b†
1
and b
2
, b†
2
, respectively. Such
fermionic systems have been well studied in the context
of quantum information processing, see, e.g., Refs. [36–
38], but we shall briefly review some key features. The
annihilation and creation operators satisfy the usual anti-
commutation relations {bm, b†n} = δmn and {bm, bn} = 0.
While the Pauli exclusion principle limits the dimen-
sion of the corresponding two-mode Fock space to 4,
the anticommutation relations nonetheless imply a dif-
ferent subsystem structure as compared to a two-qubit
Hilbert space [39]. Despite this inequivalence1 of qubits
1 Note that n-mode fermionic Fock spaces are isomorphic to n-
qubit Hilbert spaces via maps such as the Jordan-Wigner trans-
formation. However, local operators in one space are generally
mapped to nonlocal ones in the other. The marginals of an n-
and fermionic modes, the marginals and correlation mea-
sures for the fermionic system are well-defined when im-
posing a superselection rule that forbids superpositions
of even and odd numbers of fermions [40, 41].
The fermionic system is hence of interest for the follow-
ing reasons: First, the anticommutation relations and the
restrictions of the superselection rule provide a qualita-
tive difference to the qubit case, which makes for an inter-
esting comparison. Second, the low-dimensional Hilbert
space is amenable to a numerical treatment, allowing a
rather general approach to optimal protocols for the gen-
eration of correlations. Third, fermionic fields form a
conceptually fundamental ingredient in the current view
of matter in the universe in terms of relativistic quantum
field theory.
A. Hamiltonian and initial thermal state
Let us now turn to the specific system Hamiltonian
that we consider in this section, H = HS1 + HS2 + HI .
For the noninteracting part, we consider the standard
Hamiltonian for two modes of the same frequency ω, i.e.,
HS1 + HS2 = ω
(
b†
1
b
1
+ b†
2
b
2
)
. (26)
For the interaction between the modes, we will em-
ploy the most general two-mode coupling term that is
quadratic in the mode operators, given by
HI = Heven + Hodd
= even
(
b
1
b
2
+ b†
2
b†
1
)
+ odd
(
b†
1
b
2
+ b†
2
b
1
)
, (27)
where Heven couples only the states || 0 〉〉 and
|| 11 〉〉 || 12 〉〉 = b†1b†2 || 0 〉〉 in the even subspace, whileHodd
acts in the odd subspace spanned by || 11 〉〉 = b†1 || 0 〉〉
and || 12 〉〉 = b†2 || 0 〉〉. Here || 0 〉〉 is the vacuum state
satisfying bi || 0 〉〉 = 0 ∀ i, and the double-lined ket no-
tation indicates the antisymmetrized tensor product for
the excited states, i.e., || 11 〉〉 || 12 〉〉 = || 11 〉〉 ∧ || 12 〉〉 =
− || 12 〉〉 || 11 〉〉 (see, e.g., Ref. [39] for more information).
The thermal state τ(β) of H can be computed straight-
forwardly. The eigenvalues of H read,
λ1,4 = ω ±
√
ω2 + 2even , (28a)
λ2,3 = ω ± odd , (28b)
where the labels 3, 4 refer to the negative relative sign,
mode fermionic state ρ are hence generally not isomorphic to
those of the n-qubit state ρ˜, even if ρ˜ is related to ρ via an
isomorphism.
6and the corresponding eigenstates are given by
|| λ1,4 〉〉 = 1√
2even + λ
2
1,4
(
even || 0 〉〉 − λ1,4 || 11 〉〉|| 12 〉〉
)
,
(29a)
|| λ2,3 〉〉 = 1√
2
(
|| 12 〉〉 ± || 11 〉〉
)
. (29b)
Then, τ(β) can the be written as,
τ(β) = Z−1(β)
∑
i
e−βλi || λi 〉〉〈〈 λi || , (30)
where the partition function is Z(β) = ∑i e−βλi . It
is important to note that τ(β) already contains corre-
lations, which are computed in detail in the Appendix.
B. Generation of Correlations
We now consider the task of correlating τ(β) fur-
ther. The simple structure of the system (an only four-
dimensional Hilbert space that is further restricted by su-
perselection rules) allows us to consider the most general
protocols beyond the strategies discussed in Sec. III B.
That is, given some available work W , we consider
the possibility to transform τ to any state ρ, provided
∆FS(τ → ρ) ≤ W is satisfied. In order to maxi-
mize the created correlations, ∆IS1S2 , we conveniently
parametrize the final state ρ, and numerically optimize
its mutual information IS1S2(ρ) under the constraint of a
maximally available free energy.
Since the final state needs to respect the superselection
rule that forbids superpositions of even and odd numbers
of fermions [40], the four-dimensional Fock space splits
into two two-dimensional spaces. An arbitrary two-mode
final state may therefore be written as a convex combina-
tion of two density operators, ρeven and ρodd, correspond-
ing to the subspaces of even and odd fermion numbers,
respectively. We hence write
ρ = p ρeven + (1− p) ρodd , (31)
where 0 < p < 1 . For each of the two subspaces, we then
use a single-qubit Bloch representation, i.e.,
ρeven =
1
2
([
1 + zeven
] ||0〉〉〈〈0|| (32a)
+
[
1− zeven
] ||11 〉〉||12 〉〉〈〈12 ||〈〈11 ||
+
[
(xeven − iyeven) ||0〉〉〈〈12 ||〈〈11 || + H. c.
])
,
ρodd =
1
2
([
1 + zodd
] ||12 〉〉〈〈12 || + [1− zodd] ||11 〉〉〈〈11 ||
+
[
(xodd − iyodd) ||12 〉〉〈〈11 || + H. c.
])
, (32b)
where the coefficients satisfy |xeven,odd| ≤ 1, |yeven,odd| ≤
1, |zeven,odd| ≤ 1, and
r2even = x
2
even + y
2
even + z
2
even ≤ 1 , (33a)
r2odd = x
2
odd + y
2
odd + z
2
odd ≤ 1 . (33b)
In this parametrization, the entropy of the final state
can easily be obtained via its eigenvalues p2 (1 ± reven)
and 1−p2 (1± rodd). The energy of the final state, in turn,
is
E(ρ) = ω(1− p zeven)− p evenxeven + (1− p)oddxodd.
(34)
Lastly, the final state marginals are of the form
ρS1 =
1
2
(
1 + p zeven + (1− p)zodd
) ||0〉〉〈〈0|| (35a)
+ 12
(
1− p zeven − (1− p)zodd
) ||11 〉〉〈〈11 || ,
ρS2 =
1
2
(
1 + p zeven − (1− p)zodd
) ||0〉〉〈〈0|| (35b)
+ 12
(
1− p zeven + (1− p)zodd
) ||12 〉〉〈〈12 || .
For the illustration of the results, it is convenient to spec-
ify the amount of available input energy in units of Wmin,
the minimal free energy difference2 to a maximally cor-
related state. Taking into account that such a maximally
correlated state must be pure, and that the free energy
of the initial state is F (τ) = −T ln(Z), we find
Wmin = ω − max{|even|, |odd|} + T ln(Z) . (36)
With this, we may numerically evaluate the maximal
amount of correlations that can be created at a fixed
temperature T and a fixed energy input W/Wmin. The
results of the optimization allows us to compare the en-
ergy cost of optimal protocols to generate correlations,
for both interacting (even,odd 6= 0) and noninteracting
systems (even,odd = 0). The results are shown in Fig. 2.
In agreement with our considerations in Sec. III B, one
observes an initial regime where the interactions provide
an advantage. However, at some point, the energy cost
of ∆IS1S2 becomes higher for interacting systems than
for noninteracting ones. This is to be expected: Since
the interacting system is correlated initially, the maximal
value of ∆IS1S2 is always lower than in the noninteracting
case.
2 Note that the minimal energy for maximal correlations (Wmin)
depends on the coupling strength. Therefore, the functions
∆I6=0 and ∆I=0, whose difference is plotted in Fig. 2, would
be multiplied by different values when converting the plots of
Fig. 2 to absolute energy costs. This would result in shifted in-
tersections with the horizontal axes. Nonetheless, since Wmin is
maximal in the absence of interactions, the intersections would
all shift to the left, leaving the conclusion unchanged, that the
presence of interactions may make the creation of new correla-
tions more expensive, even if the overall amount of correlations
is larger in the end.
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FIG. 2. Fermionic newly generated correlation cost:
The difference in correlations that can be newly generated
for an available energy W (in units of Wmin) in the presence
(∆I6=0) and absence (∆I=0) of interactions is shown for tem-
peratures T = 0.1, . . . , 1 (in units of ~ω/kB) in steps of 0.1
(blue to red, top to bottom) for the ratios even/odd = 2, 1,
and 0.5 in (a),(b), and (c), respectively.
For a complete picture of the situation, it is also en-
lightening to study the behaviour of the total correlations
IS1S2(ρ) for interacting and noninteracting systems, as
shown in Fig. 3. In all cases that we have considered, the
presence of the interactions leads to a larger amount of
final state correlations IS1S2(ρ), irrespective of the (rela-
tive) size and sign of the coupling constants.
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FIG. 3. Fermionic correlation cost: The maximal corre-
lation of the final state that is achievable for a fixed input
energy W [in units of Wmin from Eq. (36)] is shown for tem-
peratures T = 0.1, . . . , 1 (in units of ~ω/kB) in steps of 0.1
(blue to red, top to bottom) for the ratios even/odd = 2, 1,
and 0.5 in (a),(b), and (c), respectively. In all cases, the
achievable final correlation is larger in the presence of inter-
actions (solid lines) than in their absence (dashed lines). In
(a) this can be seen from the inset plot, where the horizontal
axis is not scaled with Wmin. For (b) and (c) one may deduce
this directly from the plots, since the solid lines are strictly
above their corresponding dashed lines, and Wmin is maximal
when even = odd = 0.
V. TWO BOSONIC MODES
In this section we study the creation of correlations for
two bosonic modes. We present an example for which
we explicitly show that the overall final-state correlation
IS1S2(ρ) is always larger in the presence of interactions.
This complements the observations made in Fig. 3, where
8we come to same conclusion using a numerical approach.
Let us now consider the simple, yet versatile system of
two bosonic modes with creation and annihilation op-
erators ai and a
†
i (i = 1, 2), respectively. The mode
operators satisfy the canonical commutation relations
[ai , a
†
j ] = δij and [ai , aj ] = 0. Such systems of two
(or more) harmonics oscillators are of fundamental im-
portance to quantum optics and quantum field theory.
The correlations between bosonic modes have been ex-
tensively studied in continuous variable quantum infor-
mation (see, e.g., Refs. [42, 43]) but they are also of in-
terest in more specialized lines of research, such as, e.g.,
studies of entanglement in relativistic quantum field the-
ory, see for example Refs. [44–46]. In addition to the
usual free Hamiltonian
HS1 + HS2 = ω
(
a†
1
a
1
+ a†
2
a
2
)
, (37)
where we have assumed that the two modes have the
same frequency ω, we will consider the interaction term
HI = 
(
a
1
a
2
+ a†
1
a†
2
)
, (38)
with  ∈ R. Since the system Hamiltonian HS = HS1 +
HS2 +HI is quadratic in the mode operators, any thermal
state τ of HS is a Gaussian state that is fully described
by its second moments, that is, its covariance matrix ΓS
with components(
ΓS
)
mn
= Tr
(
τ
[
XmXn + XnXm
])
, (39)
with the quadrature operators X2n−1 =
(
an + a
†
n
)
/
√
2
and X2n = −i
(
an−a†n
)
/
√
2. The first moments Tr
(
τXn
)
,
which would normally also enter into Eq. (39), vanish for
the state τ . This can easily be seen by diagonalizing HS
using the Bogoliubov transformation
c
1
= cosh(u) a
1
+ sinh(u) a†
2
, (40a)
c
2
= cosh(u) a
2
+ sinh(u) a†
1
, (40b)
where u = 12 artanh(/ω), such that [ci , c
†
j ] = δij and
[ci , cj ] = 0. With this transformation, the system
Hamiltonian becomes
HS = ω˜
(
c†
1
c
1
+ c†
2
c
2
) − 2ω˜ sinh2(u) , (41)
where ω˜ =
√
ω2 − 2. The eigenstates of HS are therefore
the eigenstates of c†
1
c
1
and c†
2
c
2
. Expanding the thermal
state τ = Z−1e−βHS in terms of these eigenstates one
quickly obtains Tr
(
τci
)
= Tr
(
τc†i
)
= 0. Since the Bo-
goliubov transformation relating the operators ai, a
†
j and
ci, c
†
j is linear, this implies that also Tr
(
τai
)
= Tr
(
τa†i
)
=
0. The first moments vanish and ΓS completely describes
the state τ .
To assess the properties of the initial state, we then de-
fine the covariance matrix Γ
(c)
S with respect to the opera-
tors ci, in complete analogy to Eq. (39). For the thermal
state τ , this 4× 4 matrix is proportional to the identity,
that is,
Γ
(c)
S = ν(T )14 = coth(
ω˜
2T )14 , (42)
where the identity 14 is the covariance matrix of the pure
two-mode vacuum state with respect to the operators ci.
The mixedness of the state is hence captured solely by the
prefactor ν(T ) = coth( ω˜2T ). The matrices Γ
(c)
S and ΓS are
related by a symplectic transformation S corresponding
to the unitary Bogoliubov transformation of Eq. (40),
such that
ΓS = S Γ(c)S ST . (43)
The transformation S leaves the symplectic form Ω, with
components Ωkl = −i [Xk ,Xl ] invariant, SΩST = Ω.
Consequently, also the eigenvalues ν(T ) of |iΩΓS|, the
symplectic eigenvalues are left unchanged by the trans-
formation S. This means that, up to the prefactor ν(T ),
the covariance matrix ΓS = ν(T )SST represents a pure
two-mode state, which is hence locally equivalent to two-
mode squeezed state [47]. Due to the presence of ν(T ),
the overall state is nonetheless mixed and correlated, but
may or may not be entangled, depending on the size of
ν(T ) [25, 48].
Any available energy W may then be used to further
correlate the system by a combination of cooling [i.e.,
reducing ν(T )] and two-mode squeezing along the di-
rection in phase space corresponding to the two-mode
squeezed state SST . These transformations leave the
subsystems in local thermal states with respect to HS1
and HS2 and therefore optimally correlate
3 the subsys-
tems at any given work cost [24]. Consequently, the pres-
ence of the interaction Hamiltonian HI is here equivalent
to an increased energy supply in the noninteracting case,
and the overall correlations IS1S2(ρ) are always larger
than in the noninteracting case at a fixed work cost W .
The correlations that can in principle be generated in
this infinite-dimensional Hilbert space are unbounded.
However, the energy cost of creating additional correla-
tions increases as the state becomes more correlated. The
newly generated correlations ∆IS1S2 may hence be more
or less expensive than in the noninteracting case, depend-
ing on the initial temperature, coupling strength , and
the available energy.
VI. CONCLUSION
We have investigated the work cost of creating corre-
lations between interacting quantum systems and com-
pared our results to previous studies [24, 25] of the corre-
3 Note that two-mode squeezing is generally not the optimal entan-
gling transformation and may be outperformed by non-Gaussian
transformations [25].
9lation cost in noninteracting systems. While the notion of
isolated, noninteracting systems may appear more natu-
ral from the perspective of quantum communication sce-
narios, our approach here is motivated by the ubiquity of
interactions present in nature. Hence, assuming that the
presence of the interactions cannot be avoided or con-
trolled, we find that the interactions can nonetheless be
harnessed.
For such naturally occurring interactions we have iden-
tified general strategies for finite-dimensional systems to
reduce the energy cost of creating correlations. These
strategies, which apply to any finite-dimensional bipar-
tite system with arbitrary interaction Hamiltonian, im-
prove on previous bounds for non-interacting systems, at
least in some low-energy regime. Nevertheless, the exact
relation between the interactions and the correlation cost
is complicated. The work cost of correlations strongly de-
pends on the exact configuration of the interaction terms
and thus on the underlying physics. To illustrate the gen-
eral strategies, we therefore choose some exemplary phys-
ical systems — qubits, as well as fermionic and bosonic
modes — to showcase the usefulness of the interactions.
In our examination, we have focused on the mutual
information as a measure of the generated correlations,
capturing both classical and genuine quantum correla-
tions. The notoriously difficult case of characterizing the
cost of entangling interacting quantum systems, which
would provide further insight into the relation between
the practically motivated resource theories of QI and QT,
is hence left open for future investigation.
Moreover, while we have here considered arbitrary op-
erations on the system, inevitable noise and practical de-
sign may favor operations that can be directly imple-
mented through the natural interactions present in the
underlying systems. It would hence be interesting to
compare such physically motivated protocols with the
optimal protocols derived here, including also noncyclic
processes where the interactions can be switched on or
off at will. Further open questions include the general
cost and impact of interactions on single-shot informa-
tion processing capabilities.
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Appendix: Correlations in a fermionic thermal state
Here we study the correlations present in the ini-
tial thermal state τβ of two fermionic modes, given by
Eq. (30). Whereas the thermal states of the noninter-
acting Hamiltonian (i.e., for even,odd = 0) are uncorre-
lated, the thermal states of interacting Hamiltonians fea-
ture some correlations. For instance, consider the ground
state, that is, the limit T → 0 (β →∞), which arises as
the eigenstate of the Hamiltonian with the smallest eigen-
value. As can be seen from Eq. (28), this can be either
|| λ3 〉〉 or || λ4 〉〉, depending on the relative sizes of |odd|
and
√
ω2 + 2even. That is,
τ(β →∞) =

ρ3 if |odd| >
√
ω2 + 2even
1
2
(
ρ3 + ρ4
)
if |odd| =
√
ω2 + 2even
ρ4 if |odd| <
√
ω2 + 2even
,
(A.1)
with ρ3 = || λ3 〉〉〈〈 λ3 || and ρ4 = || λ4 〉〉〈〈 λ4 ||. Both
|| λ3 〉〉 and || λ4 〉〉 are correlated, but only the former state
is maximally correlated. It is hence expected that the
relative sizes of the coupling constants strongly influence
the initial amount of correlations, see Fig. 4. To evaluate
the mutual information of Eq. (7), we still need to spec-
ify the reduced density operators. These are found to be
diagonal, with matching matrix elements, i.e.,
τS1(β) =
1
2 (1 + τ0) || 0 〉〉〈〈 0 || + 12 (1− τ0) || 11 〉〉〈〈 11 || ,
(A.2a)
τS2(β) =
1
2 (1 + τ0) || 0 〉〉〈〈 0 || + 12 (1− τ0) || 12 〉〉〈〈 12 || ,
(A.2b)
with the coefficient τ0 given by
τ0 =
ω sinh
(
β
√
ω2 + 2even
)√
ω2 + 2even
(
cosh
(
βodd
)
+ cosh
(
β
√
ω2 + 2even
)) .
(A.3)
With the eigenvalues of the thermal state given by e−βλi
and those of the marginals by 12 (1±τ0) one can then easily
evaluate the entropies S(τ), S(τS1) and S(τS2), and hence
the mutual information, shown in Fig. 4.
(a)
(b)
(c)
FIG. 4. Fermionic thermal state correlation: The cor-
relation of the initial thermal state τ(β), as measured by the
mutual information IS1S2 , depend on the (relative) and ab-
solute sizes of the couplings even and odd. The correlation
is plotted for temperatures T = 0(0.01), . . . , 1 (in units of
~ω/kB) in steps of 0.05 (blue to red, top to bottom) for the
ratios even/odd = 2, 1, and 0.5 in (a),(b), and (c), respec-
tively.
